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are obtained. The generalized orthogonality of homogeneous solutions is used to satisfy the modified
boundary conditions. In the final analysis the problem is reduced to a system of integral equations in the
functions describing the displacement of the outer and inner surfaces of the cylinders. These functions are
sought in the form of the sum of a trigonometric series and a power function with a root singularity. The
ill-posed infinite systems of algebraic equations obtained as a result, are regularized by introducing small
positive parameters [Ref. Kalitkin NN. Numerical Methods. Moscow: Nauka; 1978] and, after reduction,
have stable regularized solutions. Since the elements of the matrices of the system are given by poorly
converging numerical series, an effective method of calculating the residues of these series is developed.
Formulae for the distribution function of the contact pressure and the integral characteristic are obtained.
Since the first formula contains a third-order derivative of the functional series, a numerical differentiation
procedure is employed when using it [Refs. Kalitkin NN. Numerical Methods. Moscow: Nauka; 1978;
Danilina NI, Dubrovskaya NS, Kvasha OP et al. Numerical Methods. A Student Textbook. Moscow: Vysshaya
Shkola; 1976]. Examples of the analysis of a cylindrical belt are given.
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1. Formulation of the problem and the homogeneous solutions

We consider, in a cylindrical system of coordinates r, ¢, z, the axisymmetric problem of the contact between a hollow elastic cylinder
with radii Ry, Ry (0 <Rg <R7) and finite length (|z| < 1) with a symmetrically fitted rigid belt, having a width 2a and a base r=R; — 8(z), where
d(z) is a function, even in z (Fig. 1). We will assume that there are no friction forces in the belt - cylinder contact area, and the faces of the
cylinder and its surface r=Ry are not loaded. The boundary conditions can then be written in the form

o,(r,x1) = 1,(r,x1) = 0, Ry<r<R, (1.1)
T,(R;,2) = T,(Ry,2) = 6,(Ryp,2) =0, <15 u (R, 2) = -8(z), lzl<a (12)
6,(R,z) =0, a<lg<1 (1.3)

We will use the general representation of the solution of an axisymmetric problem in terms of the Love biharmonic function ®(r, z)
(Ref. 3)

A’® =0, Asaf+r_la,+a§, d,=0d/dr, 0,=0/dz, 2Gu, = —0,0,®

2Gu, = [(2-2v)A-2’1®, ©, = (VA-01)3,®, o, = [(2-V)A-23’10,®

Z

T, = 0,[(1-v)A-221®, o, = (VA-r '9,)d,® (14)

where G is the shear modulus and v is Poisson’s ratio.
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For a hollow cylinder we will seek Love’s function in the form & =ﬁ0)(r)1b(z). Here
O = e H O + HP (), s = 0,1
HMY(yr) and H(yr) are Hankel functions, and ¢;, ¢, and -y are constants. From relations (1.4) we obtain
A0 = O @ -v) W) = 0, () = Cshyz+ Cyzchyz (Cy, C, - const)
2Gu, = vf (@), 26u, = O @) -2x@). T, = 1/ V@
o, = fO2*@, o, = fOrn@-rv v

X(2) = V') + (1 -VY' (), 1*@) = (1-V¥"@) - 2-VYV'() (15)
Satisfying boundary conditions (1.1), we obtain the relations

x(£1) = Cly2shy+C27(2vshy+ychy) =0

X*(E1) = — iy’ chy + Cy°((1-2v)chy —yshy) = 0
The non-trivial solutions in this system can be expressed in terms of the roots y, of the equation

sh2y,+2y, = 0; Rey,20, n=0,1,... (1.6)
Below we give the asymptotic form of these roots and an iterational scheme for calculating them

2y, = §, +iw,, C, = In@2u,)(1-iu,)+0(In2R,)/W,)>), W, = 21(n—1/4)

&l =60+ (- el -G (shE + i), G = In(2p,)(1 - ify,), r=0,1,...,5
Putting

Cy = ~(1/shy, +2vB,)/2, C; = v,B8,/2, B, = (¥,chy,)”"

in the second equation of (1.5), we obtain the eigenfunction W,(z) and the stress-strain state, corresponding to the non-zero eigenvalue vy,
(n=1,2,...)

W,(2) = Fi(2) = VB,shY,z, Xu(2) = YoFa(2), XF(2) =VaFu(2), ®, = f(N)¥,(2)

1 1 " ch nl
F,(z) = i(zshynz—chynzthy")[}n = _Z(F"(Z)__chLy
Tn

)’ o = Ok

1 = 1, D), 6 = FOPan@) - () E(2)

264" = FO(r) (P (2) - 2xu(2)), 2Gu = 1, £ (1) Ph(2)

&')\
EEC)
N
~
~
~
|

(1) (2)
= ¢y, Hy (Y1) +cy H (Y1) (€, €3, — cODSL) (1.7)
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The following correspond to the root yo=0
@, = 2-v)2B3-(1 212 Inr, 6 = ¢, o(1 =
o = €1,0l(2=-V)Z /3= (1=V)zr'/2] + ¢, ozlnr, 0,7 = ¢ ((1 +V) +cy or

0 0 0 -
o =19 =0, 2Gu£) = ¢y, o(1=V)r—c, or ! ZGuEO) = -2vcy o2 (18)

Z rz

From relations (1.7) and (1.8) we obtain for r=Rs (s=0, 1)

TRy 2) = fo dal@)s 261" (Ry2) = £, Wh(2), 2Gu®(R, ) = (1-V)f, ,

_ 0 ' -1 1
fos = CLoR— 2 o I(1=V), (R, 2) = fi (RYXME) ~ RS fr ¥h(2)

Fus = Vi (R, 26w (Ry2) = FLP(R)(¥n(2) - 2%,(2)) (19)

1
0 h 0
6\ (Ry2) = Y fonhos O (R,2) = [V (RIXE()
h=0

AY = R +v+2(=1)R{/Ag], Ay = 2(-1)°Ri/Ag, Ag=Ri—Ry (k#s=0,1)
6,(R,2) = Y 6,"(Ry2), u,(Ry2) = 2 U (R;,2), T, (R 2) = 3 T2(Ry, 2)
n=0 n=0 n=1 (].10)

Here and henceforth the prime on the summation sign denotes the truncated form

NG (2)=Gy(2) + 2Re{ py G,,(z)} (Rey,, Imy, > 0)

n=0 n=1

For a solid cylinder of radius R (Fig. 1 with Ry =0, Ry =R, 0 <r < R) Love’s function will be sought in the form ® =J,(yr){s(z), while relations
of the type (1.9) have the form

6\ (R.2) = foR ' (1+V), 6 (R.2) = £,(v,'A0(2) - R ")), [ = ba¥ud i (Y,R)

TP(R.2) = £,Xa(2), 26, (R 2) = fo(1-V), 2Gu (R, 2) = f,¥,(@), fo=boR

264" (R 2) = f,1, A, ()~ 20,(2))s A, = J,(4,R)T,(Y,R) (b, b, —const) (L)

Here Jo(ynR), J1(7ynR) are Bessel functions.
Applying Betti’s theorem to the homogeneous solutions (1.9) and (1.11), corresponding to the two different eigenvalues vy, and ym(m #n),
we obtain the condition for their generalized orthogonality®

! ' ' 0, m#n
[IF,(DBushy, 2+ F(Bshy,2ldz =y 5
Y Vo, m=n (112)
2. Method of solution
We introduce the following notation
—8(2)’ |Z| <a
ur(R(), Z) = MO(Z)E—M(Z), |Z| S 19 ur(Rp Z) = u[(Z)E{
-g(2), a<lgd<1 21)

Here u(z) and g(z) are the required functions, even in z. Then, the second boundary condition (1.2), supplemented by the first relation of
(2.1), can be written in the form

u Ry, 2) = uy2), ld<1, s=01 (2.2)
Since the functional series (1.10), which determine the left-hand sides of the first condition (1.2) and conditions (1.3) and (2.2), diverge
(this can be shown by an a posteriori analysis of the solution), the above boundary conditions can be replaced by the following:

n oo

[Jt(R,&)dedn = Y f, (Fy(2)-B,shy,2) = 0, ld <1, s=0,1
01 n=1 (2.3)
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2G[u,(Ry BYAE = fo, (1 -V)z+ ¥ f, (Fp(2) = VB,shY,2) = 2G[u (E)dE
0 0

n=1

(2.4)

nt 1 oo
(R, 2) = [[[o,(R,, §)dEdndr = 2’{%fo,,,A3, S+ /s ,,Ai’,si"n(z)}+

111 h=0 n=1

+}1c32'fn,sl:ln(z) =0 for s =1, a<z<landfors =0, 0<z<1
n=1 (2.5)

Here

. 4 4 shy,z\ - 1 (shvnz ) z-1
=3 hd _ 2t = — —thy, | -*=
Fn(Z) ’YnF"(Z) + Yi(thyn Ch'Yn ), Hn(Z) 'Yi C Yn 2

K 1 k
s HE) +1)(Rs’Yn)_H(ls+ )(RkYn)An,s 1 s
An,.&' = (s+1) - ) An,s = (_1)

Hl (RsYn) RSY"

4 _
A, = H Ry, HY (Ry,) - HP (RYHY (Rot,). e, = 300 f(2) = B2

n=12 .., k#s=0,1

Egs. (2.3) and (2.4) are equivalent to the following system of relations

2' fn,sF;x(Z) = 29jus(§)d§ - fO, s<s zlfn,sﬁn ShYnZ = 29]“:(&)‘1& - fO,sZ’ Izl <1
0 0

n=1 n=1

(2.6)

Here

1
= G
fO,s - 29‘[1’{5(&)‘1&? 0 = m
) 2.7)

Further, using the condition of generalized orthogonality (1.12), we can determine the constants f,s. Multiplying the first equation of
(2.6) by Bmshymz, and the second by F ,(z), and then adding and integrating with respect to z, we obtain

1
Fus = 40Ju () (E)E, 5 =0,1; n=12,..
0 (2.8)

Replacing the coefficients fy s, f1s, f25, - - . in relation (2.5) by the integrals (2.7) and (2.8) and taking equalities (2.1) into account, we can
write condition (2.5) in the form

1

1 a
(R, 2) = —e{ju<§>K0,sd§+ [s®)K, a5+ ] 8<§>K1,sd§} =0
a 0

0 (2.9)

fors=1,a<z<1 and fors=0, 0 <z < 1where

Ko = [ @+ Y FiEY ()

n=1
Fis(2) = AL f(2), W' (2) = Ay Fu(2) + ¢, Ha(2), Wi'(2) = Ay Fa(2), ks = 0,1

Suppose the given function 8(&€) and the required functions g(£€), u(§) are defined by the series

88 = Y deosqy, 0<E<a, a = 7 g&) = Y §g(®), asi<l
k=0 k=0 (2.10)
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o (k)

X
(k) (k) (h+1)/2 r+2 _ I _
g (&) = Xy + ZX —a) - z-——z—coslr(&—a), l, = K l=1-a
h=0 r=1 tr
- k k - ~()
w® = 3 5u%@), 1P = X+ T X cosh g, _p 0<E<1
k=0 r=1 br
From the condition 8(a)=g(a) we obtain
oo (k)
X
* _ k re2 _
Xy =)'+ Y 55 k=01,..
r=1 r
gk(é) — ( 1) + 2 X(k) a)(h+l)/2+ Z;_;Z(I_COSlr(a_a))’ asésl
= r=1 r

Substituting expressions (2.10), (2.11) and (2.13) into Egs. (2.9) and equating the coefficients of §;(k=0, 1, ..

of functional equations

3 XPUF32) + Jnf (D] + X0 fo,(2) + 2 X052 = @ -1,

h=0 r=1

fors=1,a<z<1and fors=0,0<z<1 where

A = Y0, @, fl)= Y1LY@, @ =qY ¥ @)

n=1 n=1 n=

Oun = I Qronn = Jos Jg = }(g—a)(‘”””‘dé, Jria= 112 g = = (-1)"1
q=012;, r=12,...; s=0,1
1Y = }(&—a)‘“”’zF,';(a)d&
7 = Jl[c (B,shy,a — 4F)(a)) - ,(B,chy,a +47,F,(a)) - - ; } IO = F(a)
J = ;;/I[C (4y,F,(a) - B,chy,a) + S,(4F.(a) 3B, shyna)+Yn] n<ng
C(m ) zS(m S ™! «_ PVl
Cn= 2 20)1@k+ 1)’ " B 2  Zk+ DI@k+3) " T

n

JO = [{exp(ynl)[l +7, - thy,(1-7,)] +iexp (=y,D)[1 -7, + thy,(1 +7,)]} +

10 10
3/2 ~2m+2 ~2m+3 ~
+21 { Y, 4m-D)my," "+ thy, Y (4m+ 1)!(m+ 1)y, } Yo = o

m=1 m=0

(2.11)

(2.12)

(2.13)

.) to zero, we obtain a system

(2.14)

(2.15)

(2.16)
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n

= ey [ {exp(Y,D[1 =¥, = thy,(1 = 37,)] = iexp(=¥,D[1 +7, + thy,(1+37,)]} -

10
61777 3{ y (4m+1)H(m+1)‘2”’“+thyn(1+ Y (4m—1)!!(m+1)?§'"]};n>no

m=0 m=1

ny = entierG), JcosakiF,','(é)dﬁ = (-1)"Fi(a) - at Ly
0

—1)"shy, - sh F
= —jF"(g)(l —cosl(§—a))dt = shy,,( ) b, 52 Tt 2"(a)2, r=12,..
7+ [+,

"a

2 1
= —f cosh,EFy(&)dE = —(—l)r[bz_}:.Y—nJ . (=) = ShZ"ShY"ﬁ Fu(a)

22 ' 2 2
ro n (ak +'Y,,) ag+y,

Here C(y;:) and S(y;) are Fresnel integrals,? calculated for |'y,l| <22 using series (2.16).

It is easy to show (see Section 3), that the functional series (2.15) converge uniformly in the interval [0, 1], and consequently they
can be integrated term by term. Multiplying Eq. (2.14) when s=1 by coslin(z—a) and when s=0 by cosbz (m=0, 1, ...) and integrat-
ing over the interval [a, 1] and [0, 1] respectively, we obtain two infinite systems of algebraic equations in the unknowns X}Ek), )~(l(1k)
(h=0,1,...)

AXP 4 BX® = p® AXP 1 BX = Y k= 0,1, ... 217)

Bearing in mind the integrals

1 ro2 4
-0 ¢ L. :
= [f(2)cosl,(z - a)dz = 2%—1—2, o= b ey=1 g =0
1 1-(-1) 1 1 I 1-(-1)
J} = [f()cosh,zdz = 2= - =, Jy = —5 € =3 & = =
. bt b I
1
. ~ ,thy, 4 nFn(a) sh chy,a+ n( H"
fon = J'Fn(z)coslm(z—a)dz = 4¢, Z - YZ 5 ST !
Yn lm+'yn (l +Yn)

a

—

~ th 1)" —chy, a/ch
= _[Hn(z)cosl,,,(z—a)dz = S,L,iz—sln Z" (D" - chy,alchy, r=1,2,..
Yn Yn Yallo +72)

1 1
j (z)cosb,,zdz, h,,, = Ifln(z)cosbmzdz (= k) =h: for a=0,1=1)
0

0 (2.18)

. . . ~ o~ ~(k) ~
we obtain expressions for the elements of the matrices A, B, A, B and the vectors b( ), btk

. 1 ' 1
App = JhAO, I‘]fn+ 2 Qh,n(An, lf(rlnn + Clhfnn)’ bm 0~ AO 1‘, 2 IrnAn lfmn
n=1 n=1

o

~ . 1 0 ' 1 0 7 0 0 7 ' 0 0 0
am,h = JhAO,OJm + 2 Qh, nAn, Ofmn’ bm’ 0= AO, OJm’ bm’ r= 2 Irn(An, Ofmn + COhmn)

n=1 n=1

) s 1 a a I @ 700 2xais A1 40 1,0
by, =akzIk”(An,lfmn+clhmn)_£kAO,1Jm’ bm _akzlk"An,Ofmn_SkAO,OJm

n=1

1,2,... (2.19)

n=1

k,m,h =0,1,...; r=
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Integral Eq. (2.9) are a consequence of the ill-posed problem, and hence both systems of (2.17) are ill-posed and they must be regularized
by introducing small positive parameters a and &.! The regularized systems have the form

~(k e e - ek
A"a+oE)Y® + ATBY" = a™®, BAY® 4 (B'B+am)Y"” = B'HY (2.20)
Hence, we determine the regularized solutions Y, ¥ and the functions
2 w | : )

5® = 1+ 3 OG-0 42 3 b1 55

h=0 r=1 ' (2.21)
cosb
(g ZY"" £ k=0,

b (2.22)

r=1 r

Then, from formulae (2.9) we obtain the functions o(Rs, z) (s=0, 1), in terms of which the stresses o-(Rs, z) =0"'(Rs, z) are expressed. We
have

O(R,2) = 0 §0,(R,2), 0u(R,2) =-0l f(2)-0®(R, 2)
k=0

al =4y { + Z Yi’%h}wg,s?é“, o®R, 2) = 2 Y i) + 2 1Y@ - 0
h=0 r=1 (2.23)

When n > entire (9/Ro) the quantities A, ; (s=0, 1) and the hyperbolic functions, for example, chysz, can be calculated from the formulae

JO.n, ) +iDTOms) Lo 2‘( D (v, 2k)

A== -
J(1,n,s)=i(-1)J(1,n,s) RY, k=0 (2RsYn)
O DYy, 2k+ 1) 1
~ — s 2
Jv,ns)= 3 2R ) v, k) = -1’1, w(v,0)=1
k=0 (2RyY,) 2

chy,z = ch(y(z n)), Y(z, n) = z{,/2 + 2nimod[z(n/2 - 1/8), 1]

For a solid cylinder (Ry =0 and Ry =R), boundary condition (2.9) when s =1, the functional equation (2.14) when s=1 and the systems of
algebraic Egs. (2.17) and (2.20) have the form

1 a
o(R,2) = —e{jg(g)K(g,z)ng, j6(§)K(§,z)d§} =0, a<z<l
a 0

Y XU @) + i f @] = fP@) -8f@), a<z<1

h=0

AX® = b® (ATA+aE)Y? = ATBY, k= 0,1, ... (2.25)

(2.24)

where

K& = 7@+ Y FE@, f@) = 5@, ¥ = BFW@)+ ¢, i)

n=1
g o4 L T ® _ 2T G
= A Fi@) = Y0¥, fU@) = a Y Tn¥a(2)
Vn n=1 n=1
1+v, - ~ k PR 1+v
R LIRS SN SRR Y WAL
n=1 n=

Jmn = B fon+ il mh =01, ...
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3. Calculation of the residues of the numerical and functional series

Series (2.15) and (2.19) can be represented in the form

p p
S @)+ R, YT (A, o Cibim) + Ro(m), B = 0,1,2 ete.

n=1 =1

Here Ri,h)(z), Rg(m) are the residues, beginning with the (p +1)-th term, p > 4000.
If we introduce the notation

A, = (-4y,)"", 2(8) = exp(in®), x, = ri(lp), /Yy, = —4mpx,\,
and solve Eq. (1.6) for exp(2+yn), then, raising exp(2yy) to the power a, we obtain

exp(2y,a) = "N 112+ J1+42221" =2"Qa)N (1 +ar) +a(a—3)A2 + ..

221

Taking this formula into account for large n and small I,/yy, the integrals]ﬁlh),jzn, ..., h9%,, the quantities A} s and the functions Fn(2), Hn(2)

can be expanded in series in powers of A,
I = Jah,ligg (@) + o, n(-a)1 = 161 2[A) — (2 + 6/DAL + ..]
7Y = 251q1,4(-a) + 41, (@], Fa(z) = 807[3,(-2) - §,(2)] + 64, thy,

H,(2) = 641)142(2) - q2(=2)] + 64X thy, —16A2(z — 1), thy,

1-2h,+ 20— ...
ALy = i(-1) + 2R A, — 6i(-1)’R, " Ap + .

qo.n(@) = (1= [(1 +a)2 =M, (1 + )2+ Ap(5—a )4 + ...]

qun@) = (1 -aA (1 +a+h,(1-a) +A(1-a))/2+...]

3,(2) = A=A 1+ 2- A (T+2) + A2 (17 =) /2 + .. ]

2 = "1 =M [1 =, +A2(1-2)/2+...] etc.

(3.1)

Multiplying the expansions by the corresponding quantities from formulae (3.1) and dropping terms of higher order of smallness than

A2, we obtain, with the accuracy indicated, expressions for the n-th terms of the residues

h 1,1 h 1 a
‘]Ei )‘Pn (Z) = Q;lk,n’ Jﬁl )(An,lfmn+clh:1nn) =

3

— 2jrnJ mj ' Ak "ok

- Z‘xm[Qh,n+(—1) Qh+3,n]+£mQh+3,n+€mQh+6,n’ h = 0’ 1’2 ete.
j=0

(3.2)

The expressions Q;f Qi 4 - - - are sums of a finite number of terms of the form A3A or z"(9)A}A. In view of the length of these expressions

we will only give below the principal part of the most important of these
Ot = 4n{iQy (a,~2) - iQy ,(a, 2) + Qg (~a,-2) — Oy ,(~a,2) +
+8[iQ0, w(@) + Qo n(-a)] + ... }
00 n(@,2) = "(—a-2AC 9% AL (L +a)(1+2) =20, (1 +a) (4 +2) +...]
Qon(a) = "1 -=a)A®" %A% [T +a- A (1 +a)+...]
A¥ = (A + hethy, —ci(z— 1)/4 = —i—c(z= D/4+A,2i +2R] +¢;) + ...

Further, we use the following summation formulae and theorem?>%

J(s,0) = Y (), =

n=p+1
. 2 2 .
_ (1+06,)z" "' (8) 1_@4_ s[(s+1)(® +90+90)+’®/n]+0(u‘3) , V= p+§
(-4miv)’ v 2v° )

(3.4)
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_ In(4mv)

O =60,+v, v i

: 60=%(—1+ictgn2—e), s>0, 0<o]<2

- - ~ ;  sB,(V) 2
J(s,0) = A, = (-4miv J[L—B D)+ — +—=—"+0(v J s>1
(50) = 3 Ay = (H4mV) | —= - B(D) + 5—+——+0()
n=p+1 (3'5)
where B1(0) =0 —1/2, By(0) = P -+ 1/6 are Bernoulli polynomials.
Theorem. Suppose the following conditions are satisfied

s(M)>0, 0<|0(M)|<2, MeD

Then, the functional series (3.4) converges uniformly in D. If

s(M)>1, Me D,

the series converges uniformly in Dy for any values of 0(M).

Having the partial sums (3.2) and (3.3) and formulae (3.5), we can investigate the convergence of the series (2.15) and (2.19) and calculate
the residues of these series Ri,h)(z), Rﬁ(m), ....> In particular, using relations (3.3), we calculate the residue

R;O)(Z) = Z Q'an = SﬁRe{iEo(a, -z)—iEy(a, z) + Ey(-a, -2) = Ey(-a, 2) +

n=p+1

+8[iEo(a) + Eo(-a)] + ...}

Ey(a,z) = —i(1 +a)(1 +z)J(5+Ta+Z7_a_Z)+
T+a+z

+2(1+ a)[lR—*lz +i(d+ z)]J( .

,—a—z)+

~ 1-z 6+a 2 . z+3 8+a
Eo(a)=(c ——z)(l+a)](—,1—a)+ (—+3z+c —)(1+a)J(—,1—a)+...
14 2 R, 14 2

Note that, in integral Egs. (2.9) and (2.24), the kernels K}, s(&, s) (h, s=0, 1, K(, z) are continuous and bounded in the region D{§, z< [0,
1]}, in which case the kernel K, (&, z), and K(, z) in the band D"{|£ — z| - 0} have a singularity of the type ({ - z)In|§ — z|.5

The accuracy of the calculation of the residue R, was monitored using the quantity &,. Thus, when checking the residues Ré,o)(O.S). R;,O)(O)
(a=0.25,R;=0.5, Ry =0.1, v = 0.3, p=4000) the following values were obtained:

(0) -12 _ 20, 5(0) _ -13 _ a-21
R,(0.5) = 1.96-10 7, €,=6-10"5 R,7(0)=996-10 ", g, =10

14
o 6000
R,= Y a, r=Rygn-Reop R= Y a, €, =|r-R|
n=p+1 n = 4001

4. Determination of the contact pressure

We will present examples of the calculation of a cylindrical belt 8(z) =8¢, k=0; a=0.25, R; =R=0.5 for the following versions: 1) Rg=0.1,
2)Ry=0.2 and 3) Ry =0 (a solid cylinder). The infinite systems (2.20) and (2.25) in the unknowns YS(O) ?5(0) (s=0,1,...)(the zero superscript
on the quantities YS(O), u(®), ... is henceforth omitted) were truncated and solved for several values of o and &. For each version we chose
its own set of least values of the regularization parameters (the values of the pair of parameters («, &) and the single parameter « were as
follows: (8 x 10719,6 x 1018),(3 x 10719, 5 x 10-18) and 5 x 10~ for Versions 1, 2 and 3 respectively), for which we have already observed
considerable amplitudes of the oscillations of the regularized solutions Ys, ¥s (s=0, ..., 80), but the discrepancy was fairly small:

|06(R, 2)] <107°, [0(R;,2)| <7107, a<z<1;
04(Rg 2)| <6-107, 0<z<1

In Table 1 we show values of Ys x 10° and ¥; x 10°.
In Fig. 2 we show graphs of the functions go(z) and u®(z)=u(z), obtained from formulae (2.21) and (2.22), where the number on the
curve corresponds to the number of the version.
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Table 1
s Y - 105 Y, - 10°

Versions

1 2 3 1 2
0 —246458 —204089 —263413 —-17320 —30048
1 57574 —4490 81124 —273980 —473484
2 53772 79614 46640 —-332328 —562318
3 273826 202414 298161 —78428 —81653
75 —407 —305 —692 —4741 —6658
76 57 144 101 4534 6427
77 397 276 —690 —4324 —6072
78 5 128 11 4142 5878
79 —410 —264 712 —3954 —5549
80 —-50 103 -102 3797 5407

1.0

8o U

0.5

Fig. 2.

In order to obtain the contact pressure q(z)=—0(Ry, z) (|z| < a) we use relations (2.23) with k=0

G(Rl’ Z) = eSOGO(R]’ Z), GO(RI’ Z) = _alf(z)_w(Rl’ Z)s Gr(Rl, Z) = 68008'(R1, Z)
80 0 80 80 .
1 . o 1 ol
o = Ag | 1+ Y, Yijy [+ 4g1 Y0, O(R,2) = Y YV, fh(@)+ Y Yrfr(2)
h=0 h=0 r=1

In the case of a solid cylinder we have

80
Gr(R’ Z) = 68068'(R5 Z)’ O-O(R5 Z) = _aO}(Z) —Q)(R, Z)’ aO =1+ 2 Ysjs’
80 $=0
o(R,2) = Y Y, f(2)
s=0

Hence it follows that the dimensionless distribution functions of the contact pressure @(z) and the integral characteristic Ny are given by
the expressions

"

P(z) = q(z)(88,)”" = —6}'(R,,2) = 20, + ©"(R,, 2)

a 0 80 80
aN, = —2_[03'(R1,z)dz =-205(Rj,a) +40, -2y Y, (f4(0)" =2 > ,(f,(0))"
h=0 r=1 (4.1)
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Table 2
k ¢(tx)

Versions

1 2 3
0 4.396 3.008 4,937
1 4.424 3.045 4.962
2 4.521 3.167 5.049
3 4.735 3.416 5.248
4 5.210 3.921 5.712
5 6.562 5.213 7.092
Table 3
Quantities Versions

1 2 3 4

X1 3.026 2.297 3.312 3.420
X2 1.099 0.752 1.234 1.290
X3 0.853 0.713 0.912 0.896
u(0) 0.5344 0.9069 - -
u(1) —0.0429 —-0.0683 - -
go(1) —0.0426 —0.0578 -0.0320 -

Also, for a solid cylinder

§(2) = 2(1+V)R oy + 0" (R, 2),
80
aNy = —2064(R, a) +4(1 + V)R '0g=2 Y ¥, £,(0)
s=0 (42)

Taking into account the equalities
0y(Ry,a) = 6y(R,a)= (f;l,(O))"=(fi(0))"= fi0) =0
we obtain formulae for the integral characteristics of hollow and solid cylinders
Ny = 4a'a;, Ny = 4(1+v)(aR) "oy

Further, we carry out numerical differentiation of the functions specified on a uniform grid with step h=z,.; —z; (z; are nodes of the

grid). To calculate the third-order derivative w”(Ry, z) at the central node z=2zy with respect to the seven nodes z; =z + kh (k=-3, ..., 3;
0.0005 < h <0.001), a formula of increased accuracy is used, namely
" -3 1 13 13 1 4
O"(R,z)) = h ({;‘”—3 -0_,+ g‘”q - §m1 + W, — §m3 +0(h), o, = (R}, z;)

In Table 2 we show the values of the function ¢(t) = @(at) (t = %) for t=t, =k/6, while in Table 3 we show values of the quantities
(v=0.3)

X, = aNy, X, = a@(0), %3 = alime()1-1 (1> 1)

and the functions u(z) and gy(z) forz=0 and z=1.
Comparing the values of x; (r=1, 2, 3) for solid and hollow cylinders of finite dimensions with the corresponding values of x, for an
infinite solid cylinder (Version 4, see Ref. 3, p. 97), we see that they differ by less than 4.3% (Version 3), 15% (Version 1) and 42% (Version 2).
In the upper right-hand part of Fig. 2 we show graphs of the function ¢(t) obtained using formulae (4.1) and (4.2). In order to explain
these graphs, we separate out the root singularity in the contact stress, using the following representation, for example, the functions o (R,
z) (Version 3) in the neighbourhood of the point z=a

G,(R,2) = -88(a-2) "Ly(z), 0Sa-z<3h; ©,(Rz) =0, z>a (43)

Here L,(z)=ag +a;(a — z) + ay(a — z)? is the interpolation polynomial for the function y(z) = @(z)/a — z, specified at the interpolation nodes

2 =a-kh, k=123, h=0003
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Calculating the values of y(z;) for h=0.0006 and then a;, we obtain
1
a—=z

lay+a,(a-2)+a,(a-z)"1, 0<a—z<0.009

o(2) =

a, = 1.2845, a, = 1.618, a, = 1049

Note the good agreement between the quantities ag/+/2 = 0.908 and X3 =0.912 (see Table 3).
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